Lecture 13: Introduction to Thermo and Stat. Mech. (continued) 131
Reading Assignment for Lectures 10-12: PKT Chapter 6
Problem Set 2 due Friday.

An application of our discussion of extensivity:
Energy Fluctuations in the canonical ensemble:
You will recall (Lecture 11.1) that we showed for any system in contact with a heat bath that

1 S d
- _ﬂEn _n @@ ___"
(E),. ~ %Ene 5 o PE B InZ.
n

This is true for any canonically distributed system, large or small. When the system is
thermodynamically large, then E = <E > is extensive, {3 is intensive, and InZ is extensive.
What happens when we differentiate again w.r.t. §?
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At the left is the extensive quantity —0’)—; at the right are the energy fluctuations in the canonical

N
ensemble. Recall that £ (N ,V,T) = Nf (n,T) where n = V is the number density (intensive).

Thus, rms energy fluctuations scale with system size as VN .
Note the parallel with the coin-toss problem.
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We can also write, ﬁ_ =Cy = (9— . % = <(E - <E>c) > , which shows that the
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“heat capacity” C, of the sample (extensive) is intrinsically positive and related to the canonical energy
fluctuations.

We turn now to thermodynamics:

Thermodynamics gives you information about relationships between the thermodynamic variables (and
the other quantities which can be derived from them).

In general, thermodynamics does NOT tell you what these functional relations are: For that you need to
appeal to experiment or theory (e.g., statistical mechanics).

So, what is thermodynamics good for?

1. Itis a framework for packaging information.

2. It sets certain limits on the outcome of certain processes.
I will give you examples of these features.

First Law of Thermodynamics:

Energy conservation applied to thermodynamic macrostate 7HE SYSTEM during some “process.”

AQ = AE + AW, which I am going to write asdQ = dE + dW , where

dQ is an increment of heat flowing info the system,

dE is the incremental change in the internal energy of the (thermodynamic) system, and

dW is the incremental work done by the system on the external world.

Notes:

1. AQ = AE + AW is in itself just a statement about mechanics with E the mechanical energy. It
becomes a thermodynamic statement when the initial and final states are equilibium macrostates, so that




the energy difference AE becomes the difference between, e.g., the functions E(T,V N) for these = 13.2
different states.
2. dW depends on how the system does work and what the “process” is.

Example: For a gas or liquid, work may (or may not!) be done if the volume of the system increases.

Work can be done by the gas if the pressure of the gas gas
pushes the piston back (to the right) against some N.V.T
external agency.
If the piston is pushed back slowly, so that the gas remains in equilibrium and the pressure P of the gas
on the piston is well-defined, then (and only then) &W = PdV . This is called a “quasistatic” process.
All the intermediate state are equilibrium states. For such a process, the first law states

40 = dE + PdV .

Note, however, that, if the piston is withdrawn very rapidly, so that no gas molecules actually contact
the piston during its motion, then W = 0. Intermadiate states are not equilibrium states but the final
state is (else we cannot define an internal thermodynamic energy E). For this process, the first law still

holds but dQ = dE .

Q: What does the “slash” mean?
A: I am using the slash to indicate that the quantity is just an increment and NOT the differential of
some function. (more below)

At this point, I want to illustrate some thermodynamic ideas by going through in some detail the
example of the ideal classical monatomic gas (ICMG). In this very specific context I will derive some
results which turn out to be general.

Take care in what follows to distinguish what is special and what is general.

The ICMG is defined by the two (thermodynamic) relations:
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(true for all classical gases, not just monatomic)

E= 5 NkgT (this is special to the monatomic gas, so there are only three degrees of freedom)

These relations are of the form P(N,V,T) intensive, E(N,V,T) extensive treating N,VT as the
independent variables.

Note how extensivity/intensivity come about.

For the energy, it is an “accident” that V does not show up.

The general form of these two relations is P(n,T) and E=Nf(n,T), which holds for non-ideal gases and
fluids.

Consider a process in which @Q is slowly (“quasistatically”) added to the gas in the cylinder and the
piston is pushed back against some external force F=PA so the gas does work. According to the first

law, dQ = dE + PdV = %NdeT REALY: LY

Note that there are well-defined differentials on the right but #Q remains simply and increment.
7, o
It is not the differential of some function: Suppose Q(T,V), with dQ = 8_? dT + ﬁ dv.
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For this to be so for Q0 we would have from the dT part that Q(T,V) = 5 NkgT + fen(V)

and from the dV part that Q(T,V) = NkgT'InV + fcn(T). These are not consistent.



Comment: 13.3
Q: Generally, for a function of two variables, if you are given two quantities f(x,y) and g(x,y) what is
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the criterion that there exists a function h(x,y) such that 07— = f and — = g7
X
A: If such
Ph o Ph o 9
an h(x ie., —=—.
x&y o?yax dy ox

Is this criterion satisfied in the example above?:

?
i(é NkB)=i(NkBT). Clearly fails.
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But, now divide by T: 40 _ —Nkp —+ Nkp —
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Q: Can the quantity on the right be the differential of some function S?

A: Yes, with any S of the form,

S(NV.T) = %NkB InT+ Nk InV + fen(N) = Nk In(TV ) + fen(N).

If we require that S be an extensive (thermodynamic) quantity, then the form is further narrowed down:

S(N,V,T) =SicMG (N,V,T) = Nkpg ln(T3/2 %) + CkgN for the ideal monatomic classical gas.

The constant C has a well-defined value which we will derive below from a different point of view.

General statements (not restricted to the ICMG):

There exists an extensive function S(E,V,T), called the “entropy” such that for

any infinitesimal quasistatic process dQ = TdS.

(differential form of what is called the “Second Law of Therodynamics™)

For a fluid system (gas or liquid) the thermodynamic variables are N,V,T (or N,V, E or...) and
dW = PdV , so combining with First Law: T7dS = dE + PdV . (N fixed)

Note: This relation has as a consequence that, if we choose to regard S as a function of (N,V ,E) instead

of N,V.T, then dS = %dE + ?dv +(?)dN , so
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Furthermore, the derivative of S wrt to N at fixed E,V defines the “chemical potential” u according to
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The extensive function S (E SV.N ) along with the identification of derivatives

das = %dE + ng - % dN is called a “fundamental relation.”




Check this for the special case of the ICMG: 134

E
Note E=§NkBT = T=C0nStxﬁ' Thus,

Sicmc(N,V,E) = Nkg ln(E3/ 2 L) +CkgN and
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Note how S(E,V,N) stores both the relations E(T,V,N) and P(T,V,N) in a single function.

For a quasistatic process which is “adiabatic” (i.e., no heat gain or loss, system insulated)

dQ =TdS =0, so for the ideal gas E3/2V =const, i.c., T3/2V = constant (which you may recall
from Phys. 101).

Furthermore,
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+const - kg, so

N
n=_= const -T2 k8T (Al this for the IMCG only)

We will fill in the constants later.



